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Consider the case "n - 2" of our main result, Theorem 2.2:
Corollary. Let B = k[Xn> ^i> Xi\ be the polynomial ring in three variables over
a field k of characteristic zero, let ωo, ω\, a>2 be pairwise relatively prime positive in-
tegers and let B = Θ/eN^ί be the grading determined by B$ = k and X, e B
ωr
 For
elements /, g of B which are homogeneous, geometrically irreducible and not asso-
ciates, the following are equivalent:
1. B(fg) is a polynomial ring in one variable over a subring.
2. k[/, g] is the kernel of a homogeneous locally nilpotent derivation D : B —> B.
Moreover, if these equivalent conditions are satisfied then gcd(deg/, degg) = 1.
Here, #(/g) is the homogeneous localization of B with respect to {1,/g, (/g)2, ...}.
By "geometrically irreducible", we mean irreducible in i[Xo, X\, X2], where k is an
algebraic closure of k.
The reader should compare the above Corollary with 1.8. One notable differ-
ence is that the condition gcd(deg /, deg g) = 1, which is part of the assumption of
1.8, is in the conclusion of the present result; we are also replacing the assumption
gcd(&>o, ω\, (1)2) = 1 of 1.8 by the stronger "ωo,ω\,ύ)2 are pairwise relatively prime".
The proof that gcd(deg /, deg g) = 1 is one of the crucial steps of this paper; it is
achieved by Theorem 2.1, in the form gcd{/ | A/ φ 0} = 1.
The fact that condition (1) of the Corollary implies gcd(deg/, degg) = 1 is needed
in [4], which investigates the affine rulings of the weighted projective planes (see also
the remark following 1.11). A proof of that implication is included in [4], but it re-
lies on a considerable amount of machinery developed in [3, 4]; so we feel that it is
appropriate to give a relatively self-contained proof, based on a different method.
Theorem 2.2 is also useful for establishing a precise correspondence between
affine rulings and locally nilpotent derivations. That correspondence is used, in recent
work, to relate the viewpoint of [3, 4] to that of [5].
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1. Preliminaries
All rings are commutative and have a unity. If A is a ring, then A* denotes its
group of units. By "domain", we mean an integral domain. For an A-algebra B, the
notation B = A[n] (where n is a positive integer) means that B is A-isomorphic to the
polynomial ring in n variables over A.
Given a nonzero graded ring A = Θ/ez^/» a homogeneous multiplicatively closed
subset of A is a set S c Uiez(Ai\{0}) closed under multiplication and such that 1 e S.
Then A(s) denotes the homogeneous localization of A with respect to S, i.e., the com-
ponent of degree zero of the graded ring S~] A. If a e A/ \ {0} and S = {1, a, α2, . . .},
we write A(
α) = A(S) By a homogeneous subring of A we mean a subring A' of A
satisfying A' = £ ( A ' Π A/).
Let /? be a domain. A derivation Δ : R -+ R is locally nίlpotent if for each r e / ?
we have Δ"(r) = 0 for n sufficiently large; Δ is irreducible if the only principal ideal
of R containing A(R) is R itself.
Facts 1.1-1.5 are needed in the proof of Theorem 2.1. The first one is due to W.V.
Vasconcelos:
1.1. (Theorem 2.2 of [8]) Let B D R be an integral extension of domains
containing Q. Suppose that Δ : R -> R is a locally nilpotent derivation and that
D : B —> B is a derivation extending A. Then D is locally nilpotent.
The next statement is a well-known consequence of a result of David Wright
(Proposition 2.1 of [9]):
1.2. Let D : B —> B be a locally nilpotent derivation, where B is a domain con-
taining Q, and let A=keτD.IfbeB satisfies Db e A \ {0}, then B
a
 = A
a
[b] = A
a
[l]
where a = Db.
Statements 1.3 and 1.4 are well-known:
1.3. Let D : B —> B be a nonzero derivation, where B is an integral domain
satisfying the ascending chain condition on principal ideals. Then D = bD', for some
b G B and some irreducible derivation Df : B —• B.
1.4. Let B be an integral domain of characteristic zero, D : B —> B a nonzero
derivation and b e B\ {0}. The derivation bD : B —> B is locally nilpotent if and only
if D is locally nilpotent and b e ker D.
Lemma 1.5. Let R be a Z-graded integral domain containing Q and Δ : R —>
R an irreducible, homogeneous locally nίlpotent derivation. Suppose that A = ker Δ is
a UFD and that each homogeneous prime element of A is a prime element of R. Then
every derivation A' : R —> R satisfying kerΔ r 3 A has the form Af = pA for some
p e R.
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Proof. If A = R then Δ' = 0 and the assertion is trivial. Assume that A φ R.
Choose a homogeneous t e R such that A(t) e A \ {0} and consider the mul-
tiplicatively closed set S = { l ,α,α 2 , . . .} c A where a = A(t). Then 1.2 gives
S~ιR = (S~ιA)[t] = (5" 1A) [ 1 ] and S~ιΔ and S~ιΔf are (S" ^ -derivations going from
(S~ι A)[t] to itself. Thus S~ιA = a (d/dt) and S~{ Af = A'(t) (d/dt), so
Consider a factorization a = λ]~[/ P? where λ e A*, et e N and each pt is a prime
element of A. If some pi divides Δl(t) then we may cancel it both sides of equation
(1); this yields
a'A! = pA
where a' \ a in A, p e R and no prime factor /?; of a' divides p . In particular,
a' I pAr in 7?, for every r e R.
If α' ^ A* then /?/ | ofr for some /. Since /?/ is a homogeneous prime element of A,
our assumption implies that pt is a prime element of R. By irreducibility of Δ, we
may choose r e R such that pi / Δ r ; then /?, | p , a contradiction. Thus a' e A* and
the lemma is proved. D
We now list the facts needed for the proof of Theorem 2.2. We begin with an
"exercise" left to the reader:
1.6. Let k be a field, A = k [ r ] (r > 1) and let A = Θ/GNA; be a grading such
that A
o
 = k. If f\, ..., f
n
 are homogeneous elements of A satisfying k [ / i , . . . , / „ ] = A,
then there is a subset {g\,...,g
r
} of {f, ..., f
n
} satisfying A = k[gi, . . . , g
r
].
Part 1 of 1.7 is due to Miyanishi [7] when k is algebraically closed; then one
uses [6] to deduce the general case. For part 2 of 1.7 (in particular for irreducibility
of A
ag)), see Corollary 2.6 of [2].
1.7. Let k be a field of characteristic zero and B = k[X0, X\, X2] = k[3].
1. If 0 7^  D : B —• B is a locally nilpotent derivation, then ker D = k[2].
2- If f, g e B are such that k[/, g] is the kernel of some locally nilpotent deriva-
tion of B, then the derivation A^g) : B —• B defined by the jacobian determi-
nant
d ( f
'
8
'
b )
 φeB)
d(X0,Xι,X2)
is locally nilpotent, irreducible and has kernel k[/, g].
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For the next two facts, let k be a field of characteristic zero, B - k[Xo, X\, Xi] =
k[3], let ωo, ωi, ω^ be positive integers satisfying gcd(ωo, ωi, 0)2) = 1, and let B =
θieN^ί be the grading determined by Bo = k and X/ e B
ωr
1.8. ([[1], Theorem 3.5]) Let f,geB be homogeneous and geometrically irre-
ducible. If gcd(deg /, degg) = 1, then the following are equivalent:
1. B(fg) is a polynomial ring in one variable over k[/, g\fgy
2. k[/, g] is the kernel of a homogeneous locally nilpotent derivation of B.
1.9. Assume that ωo, ω\, ωi are pairwise relatively prime. If k [/ , g] is the kernel
of some locally nilpotent derivation D : B —> B, where f,geB are homogeneous,
then gcd(deg /, degg) = 1.
Proof. Suppose that k[/, g] = kerD. Theorem 3.7 of [1] implies, in particu-
lar, that if gcd(deg /, deg g) > 1 then there exists a homogeneous coordinate sys-
tem1 (X, Y, Z) of B satisfying gcd(deg X, deg Y) > 1. However, it is easy to see that
if some homogeneous coordinate system of B has pairwise relatively prime degrees
(which is the case here), then all homogeneous coordinate systems have that property.
So we must have gcd(deg/, degg) = 1. D
In 1.10, we gather some facts which can be found in [3];2 then we deduce 1.11
from 1.10. The proof of Theorem 2.2 requires 1.11.
1.10. Let k be an algebraically closed field of characteristic zero and X a pro-
jective algebraic surface over k; assume that X is normal, rational and affine-ruled,
and that Pic(X5) is a group of rank one, where Xs is the smooth locus of X; more-
over, assume that all singularities of X are cyclic quotient (in [3], surfaces satisfying
these conditions are said to "satisfy the condition ($)")• Suppose that U ^ 0 is an open
subset of X isomorphic to A1 x Γ, for some curve Γ. Since X is normal and rational,
Γ must be an open subset of P 1 , so the projection U —> Γ determines a rational map
X —• P 1 ; let us consider the linear system3 Λ on X, without fixed components, deter-
mined by that rational map. The following facts are proved in [3]:
(i) Every member F of A has irreducible support, i.e., F = vC where v > 1 is an
integer and C is an irreducible curve on X. If v = 1 (resp. v > 1) we call F a
"reduced" (resp. "multiple") member of Λ.
(ii) At most two members of A are multiple.
(iii) U = X\supp(F\+ +F
rt) for some distinct members F\,..., Fn of A {then define
positive integers v\, ..., v
n
 by Fj = V/C/, where C[ is an irreducible curve).
(iv) All multiple members of A belong to {F\, ..., F
n
}.
1
 We mean: X, Y, Z are homogeneous elements of B such that B = k[X, Y, Z].
2At the time of writing, the numbering of the results, in [3], is not available.
3We view Λ as a set of effective divisors; so a "member" of Λ is a divisor of X.
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(v) For a subset {F/, Fj} of {F\,..., F
n
] (with i φ j), the following are equivalent:
• {F/, Fj} contains all multiple members of Λ;
• the isomorphism U ^ A1 xΓ extends to an isomorphism X\supp(F/+Fy) "=
A1 x (P1 - two points).
Moreover, if these conditions hold then V\c(X
s
) = Z 0 Z/dZ, with d =
gcd(V/, Vy).
In 1.11, given a homogeneous polynomial h e B with prime factorization h =
p\χ •-• pe/, let divo(λ) denote the effective divisor ]Γ\ έ?, V(p, ) of X, where V(pt) c X
is the zero set of /?,-.
Corollary 1.11. Lei Z? = k[Xo, X\, Xj] be the graded polynomial ring defined
in the statement of Theorem 2.2, assume that k is algebraically closed and consider
the weighted projective plane X = Proj B. Suppose that U φ 0 is an open subset of
X isomorphic to A1 x Γ, for some curve Γ, and consider the linear system A on X
determined by the projection U —> Γ, as in 1.10. Then:
1. U = X \ (V(/i) U U V(/
n
)), /or some homogeneous irreducible elements
f\, . . . , /„ of B (no two of which are associates).
2. For each i = 1, ..., n, there exists an integer v, > 1 such that άi\o(fp) G Λ.
3. If n > 2 then there exist distinct elements i, j e {1, . . . , n} satisfying:
(a) X \ (V(f) U V(fj)) = A1 x (P1 minus two points)
(b) Λ = {div
o
(λ/;y< + μfJJ) I (λ : μ) e P1}
(c) /w every (λ : μ) e P 1 \ {(0 : 1), (1 : 0)}, λf? + μfjj is irreducible in B.
(d) For every k e {1, . . . , n} \ {/, j}, vk = 1 αra/ /jt = λfp + μ/J7 /or ^ om^
( λ : μ ) e P 1 \ { ( 0 : 1), (1 : 0)}.
(e) gcd(vl ,υ< /)= 1.
Proof. The weighted projective plane X is normal and rational, the Picard group
of its smooth locus is Z, and all its singularities are cyclic quotient, so we may ap-
ply 1.10. Assertions (1) and (2) follow immediately from parts (i) and (iii) of 1.10.
Assume that n > 2. By (ii) and (iv), there exists a subset {/, j} of {1, ...,n} (with
/ φ j) satisfying
(2) {di\o(fp), άi\o(fjJ)} contains all multiple members of Λ.
Then (v) gives (3a) and (3e); for (3b), simply note that Λ has (projective) dimension
1 and that div
o
(//') and div
o
(fjj) are distinct members of Λ. If (λ : μ) & {(0 : 1), (1 :
0)} then, since {i, j} satisfies (2), div
o
(λ/y' + μfjj) is a reduced member of Λ; this
gives (3c). For (3d), note that div
o
(/^) e A implies fkk = λfp + μf.\ and k $ {/, j}
implies that divo(//fc) is reduced, so v* = 1. D
REMARK. One consequence of this paper is that (v;, v7) = (deg/7, deg/), in part
(3) of 1.11. Indeed, we have (v;, Vj)=(l/d)(άegfj, deg/) , where J=gcd(deg/, deg/ 7),
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and the Corollary stated in the introduction implies that d - 1, because #(/(/y) is a
polynomial ring in one variable over a subring.
2. The results
Theorem 2.1. Let B be an affine UFD over a field k of characteristic zero and
let x\, . . . , x
n
 (n > 2) be prime elements of B no two of which are associates. Suppose
that B = k[x\, ..., x
n
] and that B = Θ/eZ#/ is a Z-grading such that k c B
o
, each Xj
is homogeneous and
(i) gcd(degθi), . . . , deg(*, _i), deg(*,
 +i), . . . , deg(xn)) = 1, for all i = 1, . . . , n.
Suppose that A is a homogeneous subalgebra of B satisfying A % Bo and the follow-
ing conditions:
(ii) A* = B*f A is a UFD and every homogeneous prime element of A is a prime
element of B.
(iii) A = k[5] and B(S) = A(S)[1], far some homogeneous multiplicatively closed subset
S of A.
Then gcd {* | A, ^ 0} = 1 and A is the kernel of a homogeneous locally nilpotent
derivation D : B —> B.
Proof. Let d = gcd{/ | A/ ^ 0} and let R = Θ/ezΦ be the homogeneous subring
of B defined by Rt = B> for all i e dΊL and Rt = 0 otherwise. Note that A c. R and
that R is finitely generated as a k-algebra. Since A £ Bo, we have d > 1; in particular,
B is integral over R. Also, observe that
If r e R \ {0} is homogeneous, then degr = deg^i — degs2 for some
s\,S2 e S.
To see this, note that the assumptions k c J50 and A = k[5] imply that the set E =
{deg^ I s e S} is equal to {/ | At φ 0}, so degr belongs to the ideal (of Z) generated
by E\ since E is closed under addition, degr = e\ — <?2 for some e\,ei<E E.
We have B(S) = A(S)[h/σ], for some h/σ e B(S), where h is a homogeneous ele-
ment of B, σ e S and deg/z = degσ (so h e R). We claim that
(4) S~ιR = (S~ιA)[h] = (S~ιA)[l\
where S~ιR 2 (S~ιA)[h] is obvious. If r is any nonzero homogeneous element of R
then, by (3), r ^ A i 6 B(S) for some s\,s2 e S. Thus rs2/s\ e A(5)[/ι/σ] and it follows
that r e (S~ιA)[h]. This shows that R c ( ^ U ) ^ ] , so the equality S~ιR = (S'ιA)[h]
holds. It remains to show that h is transcendental over S~ιA. If not, then h/σ is alge-
braic over S~ιA, hence algebraic over A, so there is a nonzero f(T) = ΣaiTι € A[Γ]
satisfying f(h/σ) = 0. We may arrange that all nonzero β; are homogeneous and of
the same degree; then, by (3), we can find s\,s2 € S such that (s2/s\)f(T) e
which is absurd because h/σ is transcendental over A($). So, (4) holds.
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Next, we show:
If at least one of b, b' e B is homogeneous and bb' e A \ {0}, then
( }
 b, V e A.
For this, it's enough to prove the case where both b and b' are homogeneous. Consider
a factorization bb' = μfj/e/A" where μ e A* and each pi is a prime (and homoge-
neous) element of A. By assumption (ii), each /?/ is then a prime element of B so
b = λ Π/e/ Z7./ where λ G 5* C A and / c /. So & € A and, similarly, V e A.
From (5), we easily deduce that
(6) RΠS~ιA = A.
In fact, if r e R Π S - 1 A then r = α/s (a e A, s e S), so rs € A; since s 7^  0 is
homogeneous, (5) implies that r e A.
By (4), (6) and the fact that R is k-affine, we obtain
A = kerΔ, for some irreducible, homogeneous locally nipotent
derivation Δ : R —• R.
In fact, the "Λ-derivative" d/d/z : ( S " ^ ) ^ ] -> ( S " ^ ) ^ ] is a homogeneous locally
nilpotent derivation with kernel S~ιA. Since R is finitely generated as an A-algebra,
there exists s e S such that the derivation s(d/dh) maps R into itself; the restriction
Δ' : R -> R of s(d/dh) is a homogeneous derivation with kernel /? Π 5 - 1 A = A, and
is locally nilpotent because s e kcr(d/dh) (see 1.4). By 1.3, we have Δ' = p'Δ, where
p' e R and Δ : R -> R is an irreducible derivation; since Δ is homogeneous and
locally nilpotent (1.4) and has the same kernel as Δ', we proved (7).
Extend Δ to a derivation Ό' : Fracβ -> FracZ? and let m = (Πί=i */) ~ '•> t n e n
mD' maps B into itself. Indeed, for each / we have dxf~ιD\xi) = D'(xf) = Δ( cf) e
R, so mD'xi e B. Hence, the restriction D" : B -+ B of mD' is a derivation and
satisfies
D"(r) = mA(r), for all r e R.
Note that D" must be homogeneous, because its restriction to R is.
Using 1.3, write D" = βD where β is a homogeneous element of B and D \ B ->
B is an irreducible, homogeneous derivation. Then
D(r)= - Δ ( r ) , for all r e R.
β
We claim that β divides m in B. To see this, consider the set M of all monomials
M = jcj1 4 n O Ί , . . . , *'« € N) satisfying deg(M) + deg(D) e dZ. Given any M e M,
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the derivation MD : B -+ B maps R into itself, so we may consider the restriction
AM : R-+ R of MD.
Observe that Δ : R -> R satisfies the hypothesis of Lemma 1.5 (if p is a homo-
geneous prime element of A then, by assumption (ii), p is a prime element of B, and
it follows immediately that p is a prime element of R). Since ker AM = ker Δ, Lemma
1.5 implies that AM = PMA for some pM € R. Note that Δ ^ O , choose r e R such
that Δr ^ 0 and write
Mm
PMΔΓ = M Dr = Δr,
P
which implies that Mm/β = pM £ R. In particular, β | Mm in 5, and this holds for
all M e M. By assumption (i) we have gcd(A^) = 1 in B, so β \ m in B. Thus,
Dr -γ Δr, for all r € R,
where y = m/β = λ Π?
=
i * ? , λ e 5*, *?/ G N.
Suppose that e\ > 0. By assumption (i), we may choose q2, . ,q
n
 G N such that
deg(xθ + q2 deg(jc2) + + qn deg(jcn) e dZ. Let N = x\2 - - x^\ then degUiiV) e dZ,
so JCJΛ^  e R and consequently
= > x
x
 \ Dx
λ
.
Moreover, for each j' ^ 1 we have xd- e R, so
y Δfcφ = D(xf) = dxdrλDxj = > X! I Dxy ,
which is absurd because Z) is irreducible. Hence, e\ = 0 and, by symmetry, £y = 0 for
all j . So γ e B* and we proved:
(8) Δ extends to a homogeneous derivation D : B —> #.
Since 5 is integral over /?, 1.1 gives
(9) D : B ^ B is locally nilpotent.
Note that if α is a homogeneous element of ker D then α^ € R Π ker D = ker Δ =
Λ, so a G A by (5). This implies that kerD c A, because kerZ) is a homogeneous
subring of B. So
kerD = A.
Let a = Ah = Dh, where h e R is as in (4). Then a e A \ {0}; since D : B -> B
(resp. Δ : R -> R) is locally nilpotent and has kernel A, 1.2 implies that
#
β
 = AJ/z] (resp. flfl =
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so B
a
 = R
a
. It follows that R = B, so d = 1. D
Theorem 2.2. Let B = k[X0, Xu X2] = k[3], where k is a field of characteristic
zero, let ωo, ω\f ωi be pairwise relatively prime positive integers and let B = Θ/GN^/
be the grading determined by B$ = k and X; e B
ωi. Consider elements f\ , . . . , / „ o/
B (n > 2) which are homogeneous, geometrically irreducible and no two of which are
associates. Then the following are equivalent.
1. ^(/i •••/„) w β polynomial ring in one variable over a subring.
2. k[/i, . . . , fn\ is the kernel of a nonzero homogeneous locally nilpotent deriva-
tion D : B -> B.
Moreover, if these equivalent conditions are satisfied then
3. k[/i, . . . , / „ ] = k[//, fj], for some distinct i, j e {1, . . . , n], and any such i, j
satisfy gcd(deg //, deg /,) = 1.
4.
 J B ( / l . . . / n ) [1]
Proof. Step 1. We show that, under the assumption that k is algebraically
closed, (1) implies (2) and (3).
Assume that (1) holds and let A = k [ / i , . . . , /«]. Consider the weighted projective
plane X = Proj B; by (1), the open set U = X \ (V(/i) U U V(f
n
)) is isomorphic
to the product of A1 with a curve. Consider distinct /, j e {1,... ,n] satisfying (3a-e)
of 1.11. Then part (3d) gives that A = k[f, /)], so A = k [2] is a UFD; and it follows
from part (3c) that every homogeneous prime element of A is prime in B. Now we
claim:
(10) Biftfj) = A(fif/\
If this is the case then (2) and (3) follow immediately from Theorem 2.1, using S =
{fϊff\k,leN}.
By part (3a) of 1.11, we have #(/,/)> = R[l] for a subring R of #(/,/,) satisfying
R = k[ζ,ζ~ι] with ζ transcendental over k. Thus
On the other hand, if we define /?/ = deg(//), qf = deg(fj), (/?, q) = (l/gcά(p\ q'))(p', q1)
and ξ = ff I fP; then it is easy to see that
neZ
from which we obtain ζ = λξ±ι (λ e k*). So R = k[£, ξ~ι] = A{fifj), (10) holds and
Step 1 is complete.
Step 2. We show that (1) implies (2) and (3) (without assuming that k is alge-
braically closed).
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Let k be an algebraic closure of k and B = k[X0, X\,Xi] = k[3]. If (1) holds,
it follows that 5(/
r
../
n
) is a polynomial ring in one variable over a subring. Since the
fi are irreducible in B by assumption, Step 1 implies that k[/i, . . . ,/«] = kerZ) for
some homogeneous locally nilpotent derivation 0 ^ D : B —> B, and that, for some
i\ Λ k[fh fj] = k[/i, - , Λl and gcd(degy , deg/)) = 1. By 1.7, the derivation D =
Δ(/(//) : B -+ B satisfies the requirements. Since this D maps the X, to elements of
B, it restricts to a derivation D : 5 —> B (locally nilpotent and homogeneous). Since
ker D = k[fh fj] ΠB= k[fh fj] and k [ / i , . . . , /„] c k[fh fj] ΠB= k[fh fjl (2) and
(3) hold and Step 2 is complete.
Step 3. We show that (2) implies (4).
Assume that (2) holds. Then 1.7 implies that k [ / i , . . . , / „ ] = k [ 2 ] , so, by 1.6,
k [ / i , . . . , / „ ] = k[fi, fj] for some /, j . Since (by 1.9) gcd(deg //, deg fj) = 1, we may
apply 1.8 and conclude that
( I D Bififj)
where A = k[//, /)] = k [ / i , . . . , /„]. Now (11) implies that B(f]...fn) = (A(f]...fn))[l\ so
(4) holds and the proof is complete. D
REMARK. The Corollary stated in the introduction (hence, also Theorem 2.2)
is no longer true if we replace the assumption "geometrically irreducible" by the
weaker "irreducible". Indeed, consider B = Q[Xo> <XΊ> ^ 2] with the standard total de-
gree grading (deg(X, ) = 1), and let / = X
o
 and g = X% + X\. Then B(fg) =
(k[X0,Xι](f8))[X2/X0] = (k[X0,Xi](/s))[1] but k[fg] = k[X0, X*] is not the kernel
of a derivation of B.
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